Abstract: In this paper a robust PID control strategy via affine parametrization is designed for an multivariable nonlinear unmanned aerial vehicle. The robustness of the controlled system is assured by using the H ∞ norm of the weighted complementary sensitivity function. Simulation results carried out using a complete nonlinear model are shown, wherein the performance achieved with this control strategy is shown.
INTRODUCTION
Unmanned Aerial Vehicles, UAVs, are well advanced in recent years, especially the quadrotor equipments. They are helicopters whose main feature is that they have four coplanar motors. Furthermore, as helicopter, it enables a hover, allowing the testing of control techniques for stabilization and height regulation regardless of the displacement in the XY plane.
This kind of airship also requires continuous control action, because the system is unstable. The slightest change in an uncontrolled action from the engines can cause the system leave the stable operating point.
A lot of researches have been carried out in a wide range of fields in control and robotics, such as computer vision feedback, fusion sensor, and linear and nonlinear control methodologies to improve performance of this kind of system.
Equations of movements for this kind of helicopter can be found in (Castillo et al (2007) , Raffo et al (2008) ). These equations can be used for the control of the helicopter by means of many control strategies, such as MPC, H ∞ , and PID, among others (Alexis et al (2011) , Chen et al (2003,AIAA) , Chen et al (2003) ). Feedback information can be provided by inertial measurement units, GPS, or even computer vision systems (Altug et al (2002) ).
In this paper, a fixed-structure robust PIDs are used to control both the attitude and the height of a quadrotor helicopter. PIDs are very extended in industry due to the possibility of experimental settings and the insight of their parameters tuning. Focusing on robust control, this control theory allows to consider uncertainties which are not described in a nominal model, such as delays or variations in certain values due to complex measurements. In Saeki (2006) can be found a work concerning robust PID design via LMIs.
The authors want to thank the MICINN for funding this work through project DPI2010-19154. In this work, the PID controllers have been synthesized through affine parametrization. This methodology can cancel the stable-known dynamics of the system. And for the unknown dynamics and parameter uncertainty, a robust design using H ∞ theory is implemented. By combining robust and affine approaches, PID controllers are obtained which guarantee functionality under uncertain conditions.
The remainder of the paper is organized as follows. Section 2 describes the model of quadrotor used in this work. In Section 3, the controllers structure and its implementation are explained. Simulation results are presented in Section 4, and finally the main conclusions are drawn in Section 5.
SYSTEM MODELING
A scheme of the system is presented in Fig. 1 , wherein different forces and torques actuating on the quadrotor can be observed. Basically, they are the followings: total force, F , roll torque, τ φ , pitch toque, τ θ , and yaw torque, τ ψ . However the actuators are four rotors represented by their forces, f i . Therefore, the desired total force and torques have to be achieved by exerting some combination of f i as follows:
where l is the distance from the center of rotation to the rotors, k t is the drag coefficient of the motors and b is the thrust coefficient of the rotors. The following values have been considered for this work from a particular quadrotor:
The aim is to control the height and the stabilization of the UAV simultaneously. Next, the nonlinear equations of (2010)), (Raffo et al (2008) ).
• Equation for the height expressed with respect to an inertial frame W:
being A z a disturbance acting on the Z axis.ç
• Equations for the three Euler angles:
Being I(η) inner matrix, η Euler angles, C Coriolis matrix, τ η torques applied and τ η dist disturbance torques. 
These equations describe the system behavior in all its workspace. However, in this paper a hovering flight is considered, and therefore, the desired equilibrium point consists in keeping null values for the Euler angles, at least for the pitch and roll angles. Keeping in mind this fact, the original model can be simplified, yielding the following linear expressions:
The values of the mass, the length from the center of the mass to the rotor and the inertias considered can be observed below, they would be obtained experimentally: m = 2.24 kg, l = 0.332 m, I xx = 0.038425 kgm
Then the plant without considering the rotors dynamics is given by:
These transfer functions represent a simplified linear model obtained from movement equations. Nevertheless in this model, neither the delays from communication (of about 20 ms) due to the motors driver nor motors dynamics are considered. Besides, some coupling is not considered either, which appears when the helicopter is working far from the desired equilibrium points. All these facts will be dealt as a system uncertainties.
CONTROLLER DESIGN
Four controllers are needed, one for the height and one for each angle. A PID based on affine parametrization is going to be presented. This classic controller, C(s), has the following structure:
Based on an affine parametrization, the controller can be expressed in the following form (Goodwin et al (2000) :
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where F Q (s) is chosen to satisfy some constraints (Goodwin et al (2000)).
In the case under consideration,
It is known that Q(s) must be proper, which yields F Q (s) needs to have relative degree 2. In addition, since a specific PID structure for the controller is desired, and taking into account that input sensitivity transfer function
must have a zero at the origin in order to be able to reject sustained disturbances, the following general expression for F Q (s) is proposed:
By substituting this expression of F Q (s) into (15) and (14), and after some manipulations, the following controller is obtained:
By comparing the preceding expression with Eq. (13), it is easy to obtain the following correlations:
In this work, the following conditions have been taken into account for the controllers design. On the one hand, in order to optimize the disturbances rejection, the following constraints has been imposed:
On the other hand, the time constant of the high frequency pole is chosen as follows:
Under these constraints, the controllers have two parameters to adjust, α 1 and α 3 . Their adjustment will be carried out in order to provided robustness to the controlled system.
For the design of a robust controller, first the following uncertain plant is considered:
In this uncertain plant, structural and parametric uncertainties with respect to the nominal model are included. τ m represents the motor time constant, whose value has been estimated about 0.1 seconds, and L is the delay due to the ESC (Electronic Speed Controller) driver, whose value is around 20 ms. In addition, a gain variation of a ±25% is also considered.
Once the uncertain plants have been selected, the multiplicative uncertainty with respect the nominal model can be estimated as follows:
The modulus of the output multiplicative uncertainty can be upper bounded by the modulus of a stable weighting function W i (s). Both the estimated multiplicative uncertainty and the designed weighting function are depicted in Figs. 2 and 3 for the case of the height and the roll angle respectively. The ones for the remaining Euler angles are very similar to the roll angle case. It should be highlighted the fact that the modulus of the weighting function grows at high frequencies, which is due to the fact that the uncertain models do not represent the real plant at these frequencies.
It is well-known (Sigurd (2005)) that to achieve a robust H ∞ controller, it is necessary the inverse of the multiplicative uncertainty bound has to be an upper bound for the complementary sensitivity transfer function T i (s) 
. (25) for all frequencies. Consequently, the two parameters, α 1 and α 3 , are designed in such a way that complementary sensitivity function be under the inverse multiplicative uncertainty bound and to satisfy that bandwidth be as higher as possible.
By substituting the expressions (12) and (19) into (25), the following expression for the complementary sensitivity function is obtained:
Therefore, the coefficients α 1i and α 3i , i = z, φ, θ, ψ, must be computed in order to make the corresponding T i be under its upper bound. The values for these coefficients designed for this application are the following:
Figures 4 and 5 show the complementary sensitivity functions obtained whit these values for the case of the height and the roll angle, as example for the triplet of angles, respectively.
SIMULATION RESULTS
In this section, simulation results are presented wherein several step signals are applied as a reference for the triplet of angles, as well as for the height. These kind of references will force the helicopter to move on the XY plane without a predefined trajectory, although in any case, these movements will not be considered in this work. Therefore, it can be supposed that the quadrotor is attached to a telescopic arm to prevent such movements.
Besides, a more realistic model than the one presented in Section 2 has been used for the simulation. This model consider, among other factors, a misalignment between the mass center and the geometric center of the helicopter. The controller has been implemented in discrete time, with a sample time of 20 ms, which simulates the time required by ESC.
The behavior of the height and the triplet of angles, roll, pitch and yaw, are shown in Fig. 6, 7, 8 and 9 . The coupling effects of the system can be seen in these figures. For example, it can be seen a large variation in the roll angle at t=120 s due to a big reference change for the yaw angle.
Nevertheless, the slope of the step produces an overshoot. To mitigate that effect,a first-order filter for the references has been designed, whose time constant has been selected to counteracts the controller zeros. Figures 10, 11, 12, 13 show how the behavior improves with the filter. In can be seen that the benefits from the filter addition are double. On the one hand, the overshoots of the step response disappear but the time response gets slower. On the other hand, this last fact makes that a step change in reference of one coordinate affects in a smoother way on the others coordinates, which improves the decoupling of the controller system. control for the z coordinate may be increased, this fact may cause undesirable effects due to the coupling. As for example, Figs. 14 and 15 show the behavior of the Z and roll coordinates for the case of the same control bandwidth for all coordinates, which is achieved by selecting the same values for α z1 and α z3 than the ones for α φ1 and α φ3 respectively. Obviously, the control of the height gets better, but a reference change in Z affects in excess on the performance of the angles. This is clearly undesirable for future works where the displacements in the XY plane have to be considered.
CONCLUSION
In this paper a robust PID control strategy, tuned via affine parametrization, has been presented. At first, a decoupled system has been assumed, but in figures of simulation results it is observed that as long as a reference angle changes, the other ones can be modified. This is because the equations used in the simulation model are coupled, whereas the equations used for control are decoupled.
It can be seen how the behavior of the system is quite good even with the simplifications made. So a nonlinear system can be controlled with a decoupled linear controller. This controller is a PID tuning by affine parametrization and robust thanks to H ∞ theory.
Affine parametrization allows to cancel some dynamics in order to obtain a desired dynamics. In addition, H ∞ theory allows to considerer uncertainties such as the plant with different gain and the actuator, motors in this case.
However it could be observed an overshoot due to the applied reference. To solve that a filter in the reference was used and the results obtained were better and slower.
